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1 Introduction
Variational principles are beautiful results in a dynamical system. Establishing vari-
ational principle is an important topic in dynamical system theory. The first varia-
tional principle that reveals the relationship between topological entropy and measure-
theoretic entropy was obtained by L. Goodwyn [7] and T. Goodman [6]. M. Misiurewicz
gave a short proof in [15]. R. Bowen [3] established the variational principle of entropy
for non-compact set in 1973. Y. Pesin and B. Pitskel studied the variational principle
of pressure for non-compact set.
Romagnoli [18] introduced two types of measure-theoretic entropies relative to a
finite open cover and proved the variational principle between local entropy and one
type. Later, Glasner and Weiss [5] proved that if the system is invertible, then the
local variational principle is also true for another type measure-theoretic entropy. W.
Huang & Y. Yi [10] obtained the variational principle of local pressure. W. Huang,
X. Ye and G. Zhang [9] established the variational principle of local entropy for a
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countable discrete amenable group action. B. Liang and K. Yan [14] generalized it to
local pressure for sub-additive potentials of amenable group actions.
Recently, L. Bowen [1], [2] introduced a notion of entropy for measure-preserving
actions of a countable discrete sofic group on a standard probability space admitting
a generating finite partition. Just after that, D. Kerr and H. Li [11] established vari-
ational principle of entropy for sofic group actions. G. Zhang [21] generalized it to
the variational principle of local entropy for countable infinite sofic group actions. N.
Chung [4] generalized it to the variational principle of pressure for sofic group actions.
Local sofic pressure is introduced and variational principle is established in this
study.
2 Preliminaries
For a set Z, denote by F(Z) the set of all non-empty finite subsets of Z and by
|Z| its cardinality. For d ∈ N, write [d] for the set {1, 2, · · · , d} and Sym(d) for the
permutation group of [d]. Fix G to be a countable infinite discrete sofic group with unit
e in this pape (except some special statements), i.e., there exists a sequence {σi}i∈N of
maps σi : G → Sym(di), g → σi,g, which is asymptotically multiplicative and free in
the sense that
lim
i→∞
1
di
|{a ∈ [di] : σi,st(a) = σi,sσi,t(a)}| = 1
for all s, t ∈ G and
lim
i→∞
1
di
|{a ∈ [di] : σi,s(a) 6= σi,t(a)}| = 1
for all s 6= t ∈ G.
Such a sequence Σ = {σi}i∈N with lim
i→∞
di =∞ is referred as a sofic approximation
sequence of G and fix Σ in this paper.
Let (X, ρ) be a compact metric space. Denote by M(X) the set of all Borel proba-
bility measures onX, byM(X,G) the set of all G−invariant Borel probability measures
on X, by Me(X,G) the set of all ergodic measures on X, respectively.
Let C(X) be the set of all real valued continuous functions on X. Define norm ‖·‖∞
on C(X) by ‖f‖∞ = sup
x∈X
|f(x)|. The actions of G on points will usually be expressed
by the concatenation (s, x)→ sx. For a map σ : G→ Sym(d) for some d ∈ N, denote
σs(a) for s ∈ G and a ∈ [d] simply by sa when convenient. A continuous action α
of G on (X, ρ) induces an action on C(X) as follows: for g ∈ C(X) and s ∈ G, the
function αs(g) is given by x → g(s−1x). For Y ⊂ X, denote by CY the set of covers
of Y, by CoY the set of open covers of Y (Open sets in C
o
Y are with respect to X.),
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and by PX the set of all finite Borel partitions of X. Let U ∈ CoX and d ∈ N, set
Ud = {Ui1 ×Ui1 × · · ·×Uid : Uij ∈ U , j = 1, · · · , d}. For two given covers U ,V ∈ CX ,U
is said to be finer than V (denoted by U < V or V 4 U) if each element of U is contained
in some element of V. For U ∈ CX and ∅ 6= Y ⊂ X, we set N(U , Y ) to be the minimal
cardinality of sub-families of U covering Y. Set N(U , ∅) = 0 by convention.
Let F ∈ F(G) and δ > 0. Let σ be a map from G to Sym(d) for some d ∈ N.
Definition 2.1. [11][12][13]Define
Mapρ(F, δ, σ) =
{
ϕ : [d]→ X : max
s∈F
ρ2(ϕ ◦ σs, αs ◦ ϕ) < δ
}
, where
ρ2(ϕ, ψ) =
(
1
d
d∑
a=1
(ρ(ϕ(a), ψ(a)))2
)1/2
.
There is another compatible metric on Xd by
ρ∞(ϕ, ψ) = max
a∈[d]
ρ(ϕ(a), ψ(a)).
Lemma 2.1. [21] Let ρ1 and ρ2 be two compatible metrics on X and F ∈ F(G). Then
for each δ2 > 0 there exists δ2 ≥ δ1 > 0 such that
Mapρ1(F, δ1, σ) ⊂Mapρ2(F, δ2, σ)
for each map σ : G→ Sym(d) with some d ∈ N.
Definition 2.2. [11][12] Let L ∈ F(C(X)) and µ ∈M(X). Set
Mapρµ(L, F, δ, σ) =
{
ϕ ∈Mapρ(F, δ, σ) : max
f∈L
∣∣∣∣∣1d
d∑
j=1
f(ϕ(j))− µ(f)
∣∣∣∣∣ < δ
}
.
Definition 2.3. Let U ∈ CoX and f ∈ C(X). Set
Nρ(σ, F, δ,U , f) = inf{
∑
U∈β
sup
ϕ∈U∩Mapρ(F,δ,σ)
exp(
d∑
a=1
f(ϕ(a))) : β ∈ CMapρ(F,δ,σ) and β < Ud},
P ρ(F, δ,U , f) = lim sup
i→∞
1
di
logNρ(σi, F, δ,U , f),
P (U , f) = inf
F∈F(G)
inf
δ>0
P ρ(F, δ,U , f),
P (X, f) = sup
U∈CoX
P (U , f).
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Remark 2.1. (i) By Lemma 2.1, we have that P (U , f) does not depend on the com-
patible metric on X. We call it local sofic pressure with respect to U and f.
(ii) SimplifyMapρ(F, δ, σ) asMap(F, δ, σ), write N(σi, F, δ,U , f) instead of Nρ(σi, F, δ,U , f),
and abridge P ρ(F, δ,U , f) to P (F, δ,U , f), although these quantities depend on the com-
patible metric ρ.
Definition 2.4. Let U ∈ CoX and f ∈ C(X). Set
N∗(σ, F, δ,U , f) = inf{
∑
U∈β
sup
ϕ∈U∩Map(F,δ,σ)
exp(
d∑
a=1
f(ϕ(a))) : β ∈ CoMap(F,δ,σ) and β < Ud},
P ∗(F, δ,U , f) = lim sup
i→∞
1
di
logN∗(σi, F, δ,U , f),
P ∗(U , f) = inf
F∈F(G)
inf
δ>0
P ∗(F, δ,U , f).
Remark 2.2. (i) ϕ : [d]→ X can be seen as a point (ϕ(1), · · · , ϕ(d)) ∈ Xd (See [21]).
(ii) Combining the variational principle in [4] and the variational principle in this study,
we can obtain that P (X, f) coincides with the sofic pressure in [4].
(iii) P (U , 0) = h(G,U), where the local entropy h(G,U) is defined in [21].
(iv) It is obvious that P ∗(U , f) ≥ P (U , f). We will prove the opposite inequality by the
proof of the variational principle.
Definition 2.5. [21] Let U ∈ CoX . Define hµ(U) to be the µ-measure-theoretic entropy
of U as follows:
hρµ(L, F, δ,U) = lim sup
i→∞
1
di
logN(Udi ,Mapρµ(L, F, δ, σi)),
hµ(U) = inf
L∈F(C(X))
inf
F∈F(G)
inf
δ>0
hρµ(L, F, δ,U).
Remark 2.3. (i) hµ(U) does not depend on the choice of compatible metric in X.
(ii) Abbreviate Mapµ(L, F, δ, σ) to Map
ρ
µ(L, F, δ, σ), and write hµ(L, F, δ,U) instead
of hρµ(L, F, δ,U) for convenience, though the two quantities depend on the compatible
metric in X.
3 Variational principle for sofic local pressure
We give two lemmas to state our main result.
Lemma 3.1. If U ∈ CoX , f ∈ C(X), then there exists µ ∈ M(X,G) such that
P ∗(U , f) ≤ hµ(U) + µ(f).
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Proof. Take a sequence e ∈ F1 ⊂ F2 ⊂ · · · with Fi ∈ F(G) for all i and
⋃
i
Fi = G.
Since (X, ρ) is a compact metric space, there exists a sequence {gm}m∈N that is dense
in C(X). Set Ln = {f, g1, · · · , gn}. There exists Q > 0 such that max
g∈Ln
‖g‖∞ ≤ Q.
Choose δn > 0 such that
(i) δn < min
{
1
12Q|Fn|
, 1
9n
}
;
(ii) max
g∈Ln
|g(x)− g(y)| < 1
6n
for all x, y ∈ X with ρ(x, y) < √δn.
We will find some µn ∈M(X) such that
(i) hµn(Ln, Fn,
1
3n
,U) + µn(f) + 109n ≥ P ∗(Fn, δn,U , f);
(ii) max
g∈Ln
max
t∈Fn
|µn(αt−1(g))− µn(g)| < 1n .
By weak* compactness there exists a finite subset D ⊂ M(X) such that for any
map σ : G → Sym(d) for some d ∈ N and any ϕ ∈ Map(Fn, δn, σ) there is a µϕ ∈ D
such that max
g∈Ln
max
t∈Fn
|µϕ(αt−1(g))− (ϕ∗ζ)(αt−1(g))| < δn, where (ϕ∗ζ)(h) = 1d
d∑
a=1
h(ϕ(a))
for all h ∈ C(X).
For each ϕ ∈ Map(Fn, δn, σ), set Λϕ =
{
a ∈ [d] : max
t∈Fn
ρ(ϕ(ta), tϕ(a)) <
√
δn
}
.
Then |Λϕ| ≥ (1− |Fn|δn)d.
Thus,
max
g∈Ln
max
t∈Fn
|(ϕ∗ζ)(αt−1(g))− ((ϕ ◦ σt)∗ζ)(g)|
≤ max
g∈Ln
max
t∈Fn
1
d
∣∣∣∣∣∣
∑
a∈Λϕ
(g(tϕ(a))− g(ϕ(ta)))
∣∣∣∣∣∣+
1
d
∣∣∣∣∣∣
∑
a/∈Λϕ
(g(tϕ(a))− g(ϕ(ta)))
∣∣∣∣∣∣
≤ 1
d
|Λϕ| · 1
6n
+
1
d
2Q|Fn|δnd
≤ 1
6n
+
1
6n
=
1
3n
,
and hence
|µϕ(αt−1(g))− µϕ(g)|
≤ |µϕ(αt−1(g))− (ϕ∗ζ)(αt−1(g))|+ |(ϕ∗ζ)(g)− µϕ(g)|+
|(ϕ∗ζ)(αt−1(g))− ((ϕ ◦ σt)∗ζ)(g)|
≤ 1
n
.
Now for any map σ : G→ Sym(d) with some d ∈ N, for ξ ∈ D, define
Wξ(Ln, Fn, δn, σ) = {ϕ ∈Map(Fn, δn, σ) : µϕ = ξ} .
Then
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(i) Wξ(Ln, Fn, δn, σ) ⊂Mapξ(Ln, Fn, 13n , σ),
(ii)
⋃
ξ∈D
Wξ(Ln, Fn, δn, σ) =Map(Fn, δn, σ).
Enumerate the measures in D as follows:
D = {ξ1, ξ2, · · · , ξ|D|}.
For any ǫ > 0, there exists βi = β(ξi, ǫ) ∈ CoWξi (Ln,Fn,δn,σ) and βi < U
d such that
inf{
∑
U∈β
sup
ϕ∈U∩Wξi (Ln,Fn,δn,σ)
exp(
d∑
a=1
f(ϕ(a))) : β ∈ CoWξi(Ln,Fn,δn,σ)and β < U
d}
≥
∑
U∈βi
sup
ϕ∈U∩Wξi(Ln,Fn,δn,σ)
exp(
d∑
a=1
f(ϕ(a)))e−ǫ.
Simplify Wξi(Ln, Fn, δn, σ) as Wi.
Set
β∗i =

V ∩ (Xd\
⋃
k:Wk∩W i=∅
W k) : V ∈ βi


Then β∗i ∈ CoWi and
∑
U∈βi
sup
ϕ∈U∩Wi
exp(
d∑
a=1
f(ϕ(a))) ≥
∑
U∈β∗i
sup
ϕ∈U∩Wi
exp(
d∑
a=1
f(ϕ(a))).
For any V i∗ ∈ β∗i , if sup
ϕ∈Map(Fn,δn,σ)∩V i∗
d∑
a=1
f(ϕ(a)) > sup
ϕ∈Wk∩V i∗
d∑
a=1
f(ϕ(a)), then there
exists k ∈ {1, 2, · · · , |D|} such that sup
ϕ∈Map(Fn,δn,σ)∩V i∗
d∑
a=1
f(ϕ(a)) = sup
ϕ∈Wk∩V i∗
d∑
a=1
f(ϕ(a))
with Wk ∩Wi 6= ∅. Choose ϕ∗ ∈ W k ∩W i, there exist two sequences {ϕkj} ⊂ Wk and
{ϕij} ⊂ Wi such that ϕkj → ϕ∗, ϕij → ϕ∗ as j → ∞. Choose sufficiently large j such
that ρ∞(ϕ
k
j , ϕ
∗) <
√
δn and ρ∞(ϕ
i
j , ϕ
∗) <
√
δn. By the definition of supremum, there
exist ϕ1 ∈ V i∗ ∩Wk and ϕ2 ∈ V i∗ ∩Wi such that
(i) | sup
ϕ∈V i∗∩Wk
d∑
a=1
f(ϕ(a))−
d∑
a=1
f(ϕ1(a))| < d9n , and
(ii) | sup
ϕ∈V i∗∩Wi
d∑
a=1
f(ϕ(a))−
d∑
a=1
f(ϕ2(a))| < d9n .
Since ϕ1, ϕ
k
j ∈ Wk and ϕ2, ϕij ∈ Wi, the following hold:
(iii) |
d∑
a=1
f(ϕ1(a))− dξk(f)| < dδn,
(iv) |
d∑
a=1
f(ϕkj (a))− dξk(f)| < dδn,
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(v) |
d∑
a=1
f(ϕ2(a))− dξi(f)| < dδn, and
(vi) |
d∑
a=1
f(ϕij(a))− dξi(f)| < dδn.
Since ρ∞(ϕ
k
j , ϕ
∗) <
√
δn and ρ∞(ϕ
i
j, ϕ
∗) <
√
δn, we have
(vii) |
d∑
a=1
f(ϕij(a))−
d∑
a=1
f(ϕ∗(a))| < d
6n
, and
(viii) |
d∑
a=1
f(ϕkj (a))−
d∑
a=1
f(ϕ∗(a))| < d
6n
.
Combining (i)-(viii) and trigonometrical inequalities, we have
| sup
ϕ∈Map(Fn,δn,σ)∩V i∗
d∑
a=1
f(ϕ(a))− sup
ϕ∈Wi∩V i∗
d∑
a=1
f(ϕ(a))| < d
n
.
Hence,
N∗(σ, Fn, δn,U , f)
≤
|D|∑
i=1
∑
U∈β∗i
sup
ϕ∈U∩Wi
exp(
d∑
a=1
f(ϕ(a)) +
d
n
).
There exists ν = νσ ∈ D such that
N∗(σ, Fn, δn,U , f)
≤ |D|
∑
U∈β(ν,ǫ)
sup
ϕ∈U∩Wν(Ln,Fn,δn,σ)
exp(
d∑
a=1
f(ϕ(a)) +
d
n
)
≤ |D| inf{
∑
U∈β
sup
ϕ∈U∩Wν(Ln,Fn,δn,σ)
exp(
d∑
a=1
f(ϕ(a)) +
d
n
) : β ∈ CoWν(Ln,Fn,δn,σ) and β < Ud}eǫ
≤ |D| exp(ν(f)d+ δnd+ d
n
) inf{
∑
U∈β
1 : β ∈ CoWν(Ln,Fn,δn,σ) and β < Ud}eǫ
≤ |D| exp(ν(f)d+ δnd+ d
n
)N(Ud,Mapν(Ln, Fn, 1
3n
, σ))eǫ.
Letting σ run through the terms of the sofic approximation sequence Σ, by the pigeon-
hole principle there exists µn ∈ D and a sequence i1 < i2 < · · · such that the following
hold:
(i) P ∗(Fn, δn,U , f) = lim
k→∞
1
dik
logN∗(σik , Fn, δn,U , f);
(ii)
1
dik
logN∗(σik , Fn, δn,U , f)
≤ 1
dik
log(|D| exp(µn(f)dik + δndik +
dik
n
)N(Udik ,Mapµn(Ln, Fn,
1
3n
, σik))e
ǫ),
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for all k ∈ N;
(iii) max
t∈Fn,g∈Ln
|µn(αt−1(g))− µn(g)| < 1n .
Then hµn(Ln, Fn,
1
3n
,U) + µn(f) + 109n ≥ P ∗(Fn, δn,U , f).
Let µ be a weak* limit point of the sequence {µn}n∈N. If t ∈ G and g ∈ {gm}m∈N,
then
|µ(αt−1(g))− µ(g)|
≤ |µ(αt−1(g)))− µn(αt−1(g))|+ |µn(αt−1(g))− µn(g)|+ |µn(g)− µ(g)|.
Since the infimum of the right hand side over all n ∈ N is 0 and {gm}m∈N is dense in
C(X), we deduce that µ is G-invariant.
Let F ∈ F(G), L ∈ F(C(X)) and δ > 0. Take an integer n such that F ⊂ Fn, 13n ≤
δ
4
, max
g∈L∪{f}
|µn(g)−µ(g)| < δ6 and for any g ∈ L, there exists g′ ∈ Ln such that ‖g−g′‖∞ ≤
δ
4
. Then for any map σ from G to Sym(d) for some d ∈ N, ϕ ∈ Mapµn(Ln, Fn, 13n , σ)
and g ∈ L, we have
|(ϕ∗ζ)(g)− µ(g)|
≤ |(ϕ∗ζ)(g)− (ϕ∗ζ)(g′)|+ |(ϕ∗ζ)(g′)− µn(g′)|+ |µn(g′)− µn(g)|+ |µn(g)− µ(g)|
<
3δ
4
+
1
3n
≤ δ,
and hence ϕ ∈ Mapµ(L, F, δ, σ). Thus Mapµn(Ln, Fn, 13n , σ) ⊂ Mapµ(L, F, δ, σ) and
then
hµ(L, F, δ,U) + µ(f)
≥ hµn(Ln, Fn,
1
3n
,U) + µn(f)− δ
6
≥ P ∗(Fn, δn,U , f)− 10
9n
− δ
6
≥ P ∗(U , f)− δ.
Consequently, P ∗(U , f) ≤ hµ(U) + µ(f).
Lemma 3.2. If U ∈ CoX , f ∈ C(X), then P (U , f) ≥ max
µ∈M(X,G)
{hµ(U) + µ(f)}.
Proof. Let F ∈ F(G), and δ > 0. Set L1 = {f}. There exists β ∈ CMap(F, δ
2
,σi)
and
β < Udi such that
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N(σi, F,
δ
2
,U , f) exp(δ
2
)
≥
∑
U∈β
sup
ϕ∈U∩Map(F, δ
2
,σi)
exp(
di∑
a=1
f(ϕ(a)))
≥
∑
U∈β
sup
ϕ∈U∩Mapµ(L1,F,
δ
2
,σi)
exp(
di∑
a=1
f(ϕ(a)))
≥ N(Udi ,Mapµ(L1, F, δ
2
, σi)) exp(diµ(f)− di δ
2
).
Thus,
P (F,
δ
2
,U , f) ≥ hµ(L1, F, δ
2
,U) + µ(f)− δ
2
.
P (F,
δ
2
,U , f) + δ
2
≥ hµ(U) + µ(f).
Letting δ → 0, we have
P (U , f) ≥ hµ(U) + µ(f).
Theorem 3.1. (variational priciple) If U ∈ CoX , f ∈ C(X), then P (U , f) = P ∗(U , f) =
max
µ∈M(X,G)
{hµ(U) + µ(f)}.
The following corollary can be obtained directly from the variational principle.
Corollary 3.1. If U ∈ CoX , µ ∈M(X,G), then hµ(U) ≤ inf
f∈C(X)
{P (U , f)− µ(f)} .
4 Properties of local sofic pressure
In this section, we are to compare local sofic pressure with classical counterparts in
the setting of the group being amenable and to study properties of local sofic pressure.
This section makes full use of variational principles.
A group G is said to be amenable if for all ǫ > 0 and all K ∈ F(G), there exists
F ∈ F(G) such that
|F∆KF |
|F | < ǫ.
A countable group is amenable if and only if there is a sequence {Fn}n∈N ⊂ F(G) such
that
lim
n→∞
|Fn∆KFn|
|Fn| = 0,
for all K ∈ F(G). Such a sequence is called a Fφlner sequence of G.
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Now, we give the definition of local amenable pressure which is a special case in
[14].
Let (X,G) be a system, where G is a countable infinite amenable group. For
U ,V ∈ CX , set U
∨V = {U ∩ V : U ∈ U , V ∈ V}. Given F ∈ F(G) and U ∈ CX , set
UF =
∨
g∈F g
−1U .
Let ν ∈ M(X) and α ∈ PX . Set Hν(α) = −
∑
A∈α
ν(A) log ν(A), and Hν(V) =
inf
α∈PX ,α<V
Hν(α).
For E ∈ F(G),U ∈ CoX and f ∈ C(X), define
P aE(U , f) = inf
{∑
V ∈V
sup
x∈V
e
∑
g∈E
f◦g(x)
: V ∈ CX and V < UE
}
.
The existence of the following limits are due to Ornstein and Weiss [16].
P a(U , f) = lim
n→∞
1
|Fn| logP
a
Fn(U , f),
where {Fn}n∈N is a Fφlner sequence.
Let U ∈ CoX and µ ∈M(X,G). Set
haµ(U) = lim
n→∞
1
|Fn|Hµ(UFn)
where {Fn}n∈N is a Fφlner sequence.
Theorem 4.1. If G is a countable amenable group. Let U ∈ CoX , f ∈ C(X), then
P (U , f) = P a(U , f).
Proof.
P (U , f) = sup
µ∈M(X,G)
{hµ(U) + µ(f)}
= sup
µ∈M(X,G)
{
haµ(U) + µ(f)
}
= P a(U , f).
The second equality depends on the fact that haµ(U) = hµ(U) (see [21]). The third
equality relies on the variational principle in [14].
Proposition 4.1. Let U ∈ CoX . If f, g ∈ C(X), s ∈ G and c ∈ R, then the following
hold:
(i) P (U , f + c) = P (U , f) + c,
(ii) P (U , f + g) ≤ P (U , f) + P (U , g),
(iii) If f ≤ g, then P (U , f) ≤ P (U , g), in particular, h(G,U) + min f ≤ P (U , f) ≤
h(G,U) + max f, and P (U , f) ≤ P (U , |f |),
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(iv) P (U , ·) is either finite valued or constantly ±∞,
(v) If P (U , ·) 6= ±∞, then ‖P (U , f)− P (U , g)‖ ≤ ‖f − g‖∞,
(vi) P (U , f + g ◦ αs − g) = P (U , f),
(vii) Assume that P (U , ·) 6= −∞, P (U , cf) ≤ c · P (U , f) if c ≥ 1 and P (U , cf) ≥
c · P (U , f) if c ≤ 1.
(viii) P (U , ·) is convex.
Proof. (i), (ii), (iii), (vi), (vii) and (viii) can be obtained from variational principle
(Theorem 3.1) easily. (iv) are from (iii), and (v) are from (i) and (iii).
Recall that a finite signed measure on X is a map µ : B(X) → R which is countably
additive, where B(X) is the σ-algebra of Borel subsets of X. (See [20]P221)
Theorem 4.2. Assume that h(G,U) 6= ±∞. Let µ : B(X) → R be a finite signed
measure. If µ(f) ≤ P (U , f) for all f ∈ C(X), then µ ∈M(X,G).
Proof. Firstly, show µ takes only non-negative values. Suppose f ≥ 0. If κ > 0 and
n > 0 we have
µ(n(f + κ))
= −µ(−n(f + κ)) ≥ −P (U ,−n(f + κ))
≥ −(h(G,U) + max(−n(f + κ)))
= −h(G,U) + nmin(f + κ)
> 0 for large n.
Therefore µ(f + κ) > 0 and hence µ(f) ≥ 0 as desired.
Secondly, show µ(X) = 1. If n ∈ Z then µ(n) ≤ P (U , n) = h(G,U) + n, so that
µ(X) ≤ 1 + h(G,U)
n
if n > 0 and hence µ(X) ≤ 1, and µ(X) ≥ 1 + h(G,U)
n
if n < 0 and
hence µ(X) ≥ 1. Therefore µ(X) = 1.
Thirdly, we show µ ∈ M(X,G). Let s ∈ G, n ∈ Z and f ∈ C(X).nµ(f ◦ αs − f) ≤
P (U , n(f ◦αs−f)) = h(G,U). If n > 0 then dividing both sides by n and letting n go to
∞ yields µ(f ◦αs− f) ≤ 0, and if n < 0 then dividing both sides by n and letting n go
to −∞ yields µ(f ◦αs − f) ≥ 0. Therefore µ(f ◦ αs) = µ(f), for any f ∈ C(X), s ∈ G.
Thus µ ∈M(X,G).
Now, we end this paper with the following questions:
(i) Let U ∈ CoX , and µ ∈ M(X,G). Let µ =
∫
Me(X,G)
mdτ(m) be the ergodic
decomposition of µ. Do we have hµ(U) =
∫
Me(X,G)
hm(U)dτ(m)?
(ii) Does Theorem 4.2 still hold without the hypothesis h(G,U) 6= ±∞?
(iii) Does the opposite inequality of Corollary 3.1 hold?
In fact, If (i) is true, then it is easy to prove that (iii) holds.
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